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Abstract
Let Λ be an ordered abelian group. We give an example of a non-trivial action of end type of a
group G on a Λ-tree which is faithful and transitive and such that G is not soluble and contains no
non-abelian free subgroup. The degree of each point is 3. This is related to certain automorphisms of
the infinite rooted binary tree.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
This note arose from a question asked by M. Sapir, prompted by a joint paper then being
written with C. Drut¸u, which has now appeared [3]. If a group acts transitively on an R-
tree, in which the points are of degree strictly greater than 2, does the group have a free
subgroup of rank 2?
We assume familiarity with some ideas concerning the theory of Λ-trees, where Λ is an
ordered abelian group. Basic definitions are given in [2, §1, Chapter 2] and we comment
on other aspects of the theory which are relevant. If g is an isometry of a Λ-tree, it is
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or hyperbolic. In the last case, g acts as a translation on a subtree isomorphic (as a metric
space) to a subtree of Λ. The amplitude of translation is denoted by (g). In the other cases,
we put (g) = 0;  is called the hyperbolic length. (See [2, §1, Chapter 3].) A Λ-tree is
called linear if it is isomorphic to a subtree of Λ.
Actions of a group G on a Λ-tree are classified into three types. An action is abelian if
(gh) (g)+ (h) for all g, h ∈ G, where  is hyperbolic length. It is dihedral if it is not
abelian and (gh) (g) + (h) for all hyperbolic g, h. Otherwise ((gh) > (g) + (h)
for some hyperbolic g, h), it is irreducible or of general type. (See [2, §2, Chapter 3].)
Abelian actions can be classified further. If there are no inversions, it is either of core
type, of end type or of cut type. In the case of an action of core type, there is either a fixed-
point subtree or a linear invariant subtree. In the case of end type, there is a unique fixed
end, and in the case of cut type, the tree is the disjoint union of two subtrees, on each of
which G has action of end type. See [2, Theorem 2.6, Chapter 3] and the remark following
it. Ends are discussed in [2, §3, Chapter 2].
Also, the idea of degree is defined following Lemma 1.7 in [2, Chapter 2]. Being linear
is equivalent to: all vertices are of degree at most 2. (This is left as an exercise in [2, §3,
Chapter 2].)
Finally, an action on a Λ-tree is called trivial if the hyperbolic length is identically zero,
that is, there are no hyperbolic isometries.
As noted in the proof of [3, Theorem 6.12], the answer to the question above is yes,
provided the action is not of end type. In detail, the reasons are as follows. Suppose there is
an action of the kind described which is not of end type. If the action is abelian of core type,
the action is non-trivial, otherwise there is a fixed-point subtree, which is impossible as the
action is transitive and the tree cannot consist of a single point. But again by transitivity
the tree must be linear, contradicting that all points are of degree greater than 2. There
are no actions of cut type or inversions in R-trees, by the remark after Theorem 2.6 and
Lemma 1.2(ii) in [2, Chapter 3]. End type is ruled out by assumption, so the action is
not abelian. If it is dihedral then again the tree is linear, by [2, Lemma 2.8, Chapter 3],
a contradiction. The action is therefore irreducible and there is a free subgroup of rank 2
by [2, Proposition 3.7, Chapter 3].
However, there are examples in the case of an action of end type where the group has
no free subgroup of rank 2. An example is given in the remark after Proposition 6.9 in [3].
The group in this example is soluble. (If T2(R) is the subgroup of upper triangular matrices
of SL2(R), the group in question is the bounded part of an ultrapower of T2(R).)
We give an example of a non-trivial action of end type of a group G on a Λ-tree which
is faithful and transitive and such that G is not soluble by finite and contains no non-
abelian free subgroup. The degree of each point is 3. Here Λ can be any non-zero ordered
abelian group. In any action of end type, the set of elliptic elements form a subgroup.
In fact, this set is the kernel of the homomorphism τ :G → Λ given by [2, Proposi-
tion 2.5, Chapter 3], where ε is the fixed end. This is because there are no inversions,
by [2, Lemma 1.9, Chapter 3]. In our example this subgroup is an infinite non-soluble
2-group. This example is obtained by simple modification of an example given in [1, §2].
In the case Λ = Z, this is closely related to certain automorphisms of the infinite rooted
binary tree.
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Let Λ be an ordered abelian group. Let Yn = {(x1, x2, . . . , xn) ∈ Λn | xi > 0 for
i > 1}, and let Y =⋃n1 Yn, a subset of Λω, where (x1, . . . , xn) ∈ Λn is identified with
the element (x1, . . . , xn,0,0, . . .) of Λω. We denote (x1, x2, . . .) ∈ Λω by x.
Then Y is a subset of the set X in [1, Lemma 2.3]. We take as metric d on Y the
restriction to Y × Y of the metric defined on X. That is, d :Y × Y → Λ is defined by
d(x,y) = |xk − yk| +
∑
i>k
(xi + yi),
where k is the least element of {r ∈ N | xr = yr}, for x = y, and d(x,x) = 0.
Lemma 1. (Y, d) is a Λ-tree.
Proof. The proof is essentially the same as that of Lemma 2.4 in [1]. Put Zr =⋃1nr Yn,
a subset of Y , and let dr be d restricted to Zr ×Zr . Then Z1 = Λ and d1 is the usual metric
on Λ, so (Z1, d1) is a Λ-tree. Assume inductively that (Zr, dr ) is a Λ-tree. For x, y ∈ Zr+1,
dr+1(x,y) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
dr(x,y) if x, y ∈ Zr,
xr+1 + yr+1 + dr((x1, . . . , xr ), (y1, . . . , yr ))
if x, y are not both in Zr and (x1, . . . , xr ) = (y1, . . . , yr ),
|xr+1 − yr+1| if (x1, . . . , xr ) = (y1, . . . , yr ).
For each z ∈ Zr , let Yz = {(z, x) ∈ Λr+1 | x ∈ Λ, x  0} and define dz :Yz × Yz → Λ by
dz((z, x), (z, x
′)) = |x − x′| (the restriction of d to Yz × Yz). Then (Yz, dz) is a Λ-tree,
being isomorphic to the subtree {x ∈ Λ | x  0} of Λ via (z, x) → x. Further, Zr+1 =
(
⋃
z∈Xr Yz) ∪ Zr, Zr ∩ Yz = {z} for all z ∈ Zr , and if z, z′ ∈ Zr with z = z′, then Yz ∩
Yz′ = ∅.
It follows by Lemma 1.13 [2, Chapter 2] that (Zr+1, dr+1) is a Λ-tree, so by induc-
tion on r , (Zr , dr ) is a Λ-tree for all r  1. Also, Y = ⋃r1 Zr , so by Lemma 1.14
[2, Chapter 2], (Y, d) is a Λ-tree. 
Let Isom(Y ) denote the group of isometries from Y onto Y . In §2 of [1] a mapping
ra,∞ :X → X is defined, for each a ∈ Λ and shown to be an isometry with r2a,∞ = 1. It
is easily seen that ra,∞ maps Y into Y , and so maps Y onto Y as r2a,∞ = 1. We denote
the restriction of ra,∞ to Y by ra , so ra ∈ Isom(Y ) and r2a = 1. The definition of ra is as
follows:
ra(x) =
⎧⎨
⎩
(a, a − x1, x2, x3, . . .) if x1 < a,
(a − x2, x3, x4, . . .) if x1 = a,
x otherwise.
Let λ ∈ Λ and define tλ :Y → Y by tλ(x) = (x1 + λ,x2, . . .). Then it is easily seen that
tλ ∈ Isom(Y ), and for λ1, λ2 ∈ Λ, tλ +λ = tλ + tλ . Clearly tλ has no fixed points for1 2 1 2
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the identity map. Thus tλ is a hyperbolic isometry for λ = 0.
Put A = {(x,0,0, . . .) | x ∈ Λ}. With the identification of x and (x,0,0, . . .) we have
made, A is just Λ and d is the usual metric on Λ, as noted in the proof of Lemma 1
(A = Z1 = Y1).
For x ∈ X and λ ∈ Λ, λ = 0, we have d(x, tλx) = |λ| + 2∑i>1 xi, which for a fixed
value of λ is minimal precisely when xi = 0 for all i > 1, i.e. when x ∈ A. It follows
that A is the axis of tλ and the hyperbolic length (tλ) = |λ|, for all λ ∈ Λ with λ = 0.
(See [2, Corollary 1.5, Chapter 3]. The notion of hyperbolic length and axis are defined
in Theorem 1.4, Chapter 3 and remarks following its proof in [2].) Note that A has two
ends, ε+, ε−, corresponding to the ends of Λ, and these are open ends of X, and the only
ends of X fixed by tλ, by Lemma 1.9 and the remarks preceding it in [2, Chapter 3]. (Since
tλ has no fixed points, it does not fix a closed end of Y .) We choose the notation so that
[0, ε+) = {x ∈ A | x1  0}.
Let H be the subgroup of Isom(Y ) generated by {ra | a ∈ Λ}. Let T be {tλ | λ ∈ Λ}
a subgroup of Isom(Y ) isomorphic to Λ, via λ → tλ.
Definition. Let G denote the subgroup of Isom(Y ) generated by H and T .
We shall show that the action of G on Y gives the required example. For a, b ∈ Λ, we
have t−1b = t−b , and it is easily seen that tbrat−1b = ra+b . It follows that H is normal in G.
The subgroup of H generated by a finite collection ra1 , . . . , ran of the generators of
H has a fixed point in A (e.g. any point (a,0, . . .) in A, where a  max{ai | 1  i  n},
that is, any point of the ray [a, ε+).) Hence all elements of H are elliptic. It follows that
H ∩ T = {1}, so G is the semidirect product H  T . If λ ∈ Λ, λ = 0, and h ∈ H , then Ah
is the fixed point set of h and Atλ = A so Ah ∩Atλ ⊇ [a, ε+) for some a ∈ A, by the above.
By Lemma 3.4 [2, Chapter 3], (htλ) = (h) + (tλ) = (tλ) > 0, so htλ is hyperbolic.
Thus the set of elliptic elements of G is precisely H .
Lemma 2. The action of G on Y is of end type and transitive.
Proof. Note that, for a ∈ A, z ∈ Y , d(a, z) = |z1 − a| +∑i>1 zi , and for given z, this is
minimised when a = z1, so the bridge between z and A is [z, z1].
We show that ε+ is the only fixed end of G. Suppose ε is an end of Y not equal to
ε+ or ε−. Let p = Y(ε, ε+, ε−) (see Lemma 3.7, Chapter 2 and the remarks following
its proof in [2]). Note that p ∈ A, since A = (ε−, ε+). Suppose ε is fixed by ra , where
a ∈ Λ. Now [z,p] is the bridge between z and A, for all z ∈ [p,ε), so for such z, z1 = p.
Hence if p < a, rap begins with a, so [p,ε) ∩ ra[p,ε) = ∅, which is impossible since ra
fixes ε. Hence a  p. It follows that ε is not fixed by H (otherwise we would have the
impossibility a  p for all a ∈ Λ). Clearly H does not fix ε−, but does fix ε+. Thus ε+ is
the only end of X fixed by G.
Since there is a fixed open end, the action of G is abelian, by Proposition 2.5 [2, Chap-
ter 3], and without inversions by Lemma 1.9 [2, Chapter 3]. Now⋂a0 Ara = ∅, since Ara
is the fixed point set of ra , so if x ∈ Ara , x1  a. Hence the action of G is of end type.
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where xi > 0 for 2 i  k. Let
h = rx1−(x2+···+xk) · · · rx1−(x2+x3)rx1−x2rx1
(h = 1 if k = 1). Then hx ∈ A, say hx = (y,0,0, . . .), so t−yhx = (0,0, . . .). Hence every
point of Y is in the G-orbit of (0,0, . . .). 
Lemma 3. The degree of every point of Y is 3.
Proof. Since G acts transitively on Y , it is enough to show that 0 = (0,0, . . .) has de-
gree 3. Let a ∈ Λ, a > 0. Let u = (0, a,0, . . .), v = (a,0,0, ) and w = (−a,0,0, . . .). We
claim that [0,u], [0,v], [0,w] define three different directions at 0, and these directions
are independent of the choice of a. For d(u,v) = 2a = d(u,0) + d(0,v), so 0 ∈ [u,v],
by Lemma 2.2(2) [2, Chapter 1]. This is equivalent to [0,u] ∩ [0,v] = {0} (remark after
Corollary 1.3 [2, Chapter 2].) Thus [0,u] and [0,v] define different directions at 0, and
similarly these directions are different to that defined by [0,w].
Suppose b ∈ Λ, b > 0. Assume without loss of generality that a  b, and let u′ =
(0, b,0, . . .), v′ = (b,0,0, . . .) and w′ = (−b,0,0, . . .). Then it is easily computed that
d(0,u) = d(0,u′) + d(u′,u), so u′ ∈ [0,u], hence [0,u] ∩ [0,u′] = [0,u′], so [0,u] and
[0,u′] define the same direction at 0. Similarly, [0,v], [0,w] define the same directions at
0 as [0,v′], [0,w′], respectively.
Now suppose x ∈ Y , x = 0. If x1 = 0, put y = (0, x2,0,0, . . .) and if x1 = 0 put y =
(x1,0,0, . . .). Then it is easily computed that, in all cases, d(0,x) = d(0,y) + d(y,x).
Thus y ∈ [0,x] and as before, [0,x], [0,y] define the same direction at 0. Since y has the
form either u, v or w as above, for a suitable value of a, the lemma follows. 
Remark 1. Let B = {x ∈ Y | x1  0}. Suppose x ∈ B and y ∈ Y , y1 > 0. From the proof of
Lemma 3, [0,x] ∩ [0,y] = {0}, so y /∈ [0,x]. Hence [0,x] ⊆ B , so for all x, z ∈ B , [x, z] ⊆
[0,x] ∪ [0, z] ⊆ B . Thus B is a subtree of Y , and for any λ ∈ Λ, tλB = {x ∈ Y | x1  λ} is
a subtree of Y .
We now consider the structure of finitely generated subgroups of H . To be specific, let
ai ∈ Λ for 1  i  n with a1 < a2 < · · · < an. Let ri = rai , and consider the subgroup〈r1, . . . , rn〉 of H .
Lemma 4. Suppose u,v ∈ 〈r1, . . . , rn−1〉. Then urnvrn = rnvrnu and urnvrn = 1 if and
only if u = v = 1.
Proof. Define the following subsets of Y :
U = {(x,0,0, . . .) | x < an
}
, V = {(an, y, . . .) | y > 0
}
.
Then U ∩ V = ∅. Also r1, . . . , rn−1 map U into U , so map U onto U , as r2i = 1, and they
fix V pointwise. Hence u and v map U onto U and fix V pointwise. Further, rnU = V and
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all of r1, . . . , rn. The lemma follows. 
Now let Hn = 〈r1, . . . , rn〉.
Proposition 5. The group Hn is the wreath product Hn−1  〈rn〉.
Proof. According to Lemma 4, Hn has a subgroup Kn = Hn−1 × rnHn−1rn (remember
that rn = r−1n ). Now rn interchanges the sets U , V in the proof of Lemma 3, while an
element of Kn maps U to U and V to V , and U ∩ V = ∅. It follows that rn /∈ Kn. Fur-
ther, conjugation by rn interchanges the factors Hn−1 and rnHn−1rn of Kn. Since Hn is
generated by Hn−1 and rn, it follows that Hn = Kn  〈rn〉 = Hn−1  〈rn〉. 
Thus Hn is an iterated wreath product of cyclic groups of order 2, and has order 22
n−1
,
by induction on n; in particular, it is a 2-group. One consequence is that Hn is independent,
up to isomorphism, of the choice of the elements ai of Λ (recall that ri = rai ). Indeed, Hn
does not depend on the choice of Λ.
In case Λ = Z, by Lemma 3, Y is the set of vertices of the infinite homogeneous simpli-
cial tree S of degree 3, where x, y ∈ Y are adjacent if d(x,y) = 1. The group Hn fixes all
points x of Y with x1  an, and acts on the subset of all points x with x1  an, which is the
set of vertices of a subtree B of S by Remark 1. This subtree is a copy of the infinite rooted
binary tree, with root (an,0,0, . . .). This method of realising iterated wreath products is
well known, indeed one can use a finite subtree of B (see [4, §2.4]).
It is well known that Hn has derived length n. To see this, use induction on n. For n = 1,
H1 is cyclic of order 2. Assume it is true for n − 1. The group Kn in the proof of Propo-
sition 5 has derived length n − 1, being the direct product of two copies of Hn−1. Also,
H ′n  Kn as Hn/Kn is cyclic of order 2. The projection map Kn → Hn−1, urnvrn → u
for u,v ∈ Hn−1, maps H ′n onto Hn−1, since [u−1, rn] = urnu−1rn for u ∈ Hn−1. It follows
that H ′n has derived length n − 1, so Hn has derived length n.
Hence H has subgroups of arbitrarily large derived length, so is not soluble. It is now
easy to prove the following.
Proposition 6. The group H is a 2-group which is not soluble by finite.
Proof. Any element of H is in Hn for some suitable choice of the elements a1, . . . , an,
hence H is a 2-group. Suppose H has a soluble normal subgroup of finite index, say N .
Then H/N is a finite 2-group, so soluble. But then H is soluble, contradiction. 
Recall that the group G = H  T , so G is not soluble by finite. If F is a free subgroup
of G then by Proposition 6, F ∩H = {1}, so F projects isomorphically onto a subgroup of
G/H . Since G/H is isomorphic to T , and so to Λ, F is abelian. Thus G has no non-abelian
free subgroups.
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